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A new property of minimal imperfect graphs is given. This leads to a way to add 
a new vertex to a perfect graph so that the resulting graph remains perfect. It is 
shown that the same holds for strongly perfect graphs. Some colouring properties 
are also considered. In particular we define a new kind of colouring, the locally 
perfect colouring, and we show that the graphs having such a colouring for any 
subgraph are perfect. Such graphs are called locally perfect. The triangulated 
graphs, the parity graphs, and the perfect graphs without a clique with more than 
three vertices are shown to be locally perfect. Finally the graphs obtained by some 
rules of construction are studied. (0 1990 Academic Press, Inc. 
1. DEFINITIONS AND NOTATIONS 
All graphs considered here are finite, simple, and undirected. The reader 
is referred to [l] for general definitions and notations. 
Let G = (V, E) be a graph. We denote by: 
- w(G) the size of a maximum clique of G. 
- U(G) the size of a maximum independent set of G. 
- y(G) the chromatic number of G. 
- N(u) the set equal to {x; x E V, ux E E} for any vertex u of G. 
- m(u) the set equal to {x; x E V, ux $ E, x # u} for any vertex u of G. 
- P, a chordless path on k vertices. 
- Ck a chordless cycle on k vertices. 
- G = (V, E) the complement graph of G. 
- G, is the subgraph induced by a subset W of V. 
Let P be a P, consisting of edges ab, bc, cd. We say that a and d are the 
endpoints of P and b and c the midpoints of P. More generally a vertex u 
is said to be endpoint (resp. midpoint) of a P, in G if there is an induced 
P, of G which has u as endpoint (resp. midpoint). 
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A graph G is said to be perfect [2] if for any induced subgraph G’ of 
G we have o(G’) = y(G’). G is minimal imperfect if G itself is imperfect but 
every proper induced subgraph of G is perfect. 
A graph G is said to be strongly perfect [3] if any induced subgraph G’ 
of G contains an independent set which meets all the maximal cliques of G’. 
A strongly perfect graph is perfect. A perfect order of the vertices of a graph 
G is an ordering such that there is no P, in G with edges ab, bc, cd, and 
both a < b and d < c. An order of the vertices of G is perfect if and only if the 
sequential vertex colouring based on this order gives an optimum colouring 
for any subgraph of G. Perfectly orderable graphs are strongly perfect [S]. 
A star-cutset of a graph G is a set C of vertices whose deletion 
disconnects G and such that some vertex in C is adjacent to all the 
remaining vertices in C. A graph G is called unbreakable if neither G nor 
its complement has a star-cutset. 
2. A PROPERTY OF MINIMAL IMPERFECT GRAPHS 
The well-known Strong Perfect Graph Conjecture due to C. Berge [4] 
states that G is perfect if and only if G contains neither C, nor C, for any 
odd k 3 5. This conjecture is equivalent to the following: The only minimal 
imperfect graphs are the Ck and Ck for any odd k z 5. For this reason some 
researchers have focused on producing properties of minimal imperfect 
graphs. In particular we have the following. 
THEOREM 1 (Chvatal [9]). Any minimal imperfect graph is unbreakable. 
THEOREM 2. In an unbreakable graph, all the vertices are both endpoints 
and midpoints of a P,. 
This implies 
COROLLARY 3. Any minimal imperfect graph is such that all its vertices 
are endpoints and midpoints of a P,. 
Proof of Theorem 2. Suppose that the theorem is not true. 
Case 1. There is a vertex x of an unbreakable graph G which is not an 
endpoint of a P, in G, 
(i) if IN(x)1 < 1. Then w(x) is a star-cutset of G. 
(ii) If IN(x)1 32. 
By the fact that G is unbreakable we have that GN, the subgraph induced 
by m(x), is connected. So let zt be an edge of GN. Assume that we have a 
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vertex y in N(x) which is adjacent to z. To avoid a P, induced by 
{x, y, z, t} with x as an endpoint we must have an edge yt in G. But then 
we can partition N(x) into two sets N, and N,, where 
N,= (y; yEN(x) yz#EVz~~(x)} 
N,= (y; yEN(x) yzEEVzEN(x)). 
Since G is unbreakable N, # 0. 
But now let z be an element of m(x): it is clear that (z} u N, is a star- 
cutset of G. Each assumption (i) and (ii) leads to a contradiction to the fact 
that G is unbreakable. So Case 1 cannot occur. 
Case 2. There is a vertex x of an unbreakable graph G which is not a 
midpoint of a P, in G. So x is not an endpoint of a P, in G. But G is 
unbreakable and by Case 1 we know that Case 2 cannot occur. 1 
Remark. We recently got to know the following result by Olariu [30] 
from which Theorem 2 follows: In an unbreakable graph every vertex is 
endpoint of at least two P,‘s and midpoint of at least two P,‘s. 
3. CONSTRUCTIONS OF PERFECT 
AND STRONGLY PERFECT GRAPHS 
DEFINITIONS. Let G = (V, E) be a graph. Let G” be a graph obtained 
from G by adding to G a new vertex x and new edges incident to x. If x 
is not a midpoint of a P, in G” (resp. not an endpoint of a P, in G”) then 
G” is said to be built from G by the No-mid (resp. No-end) construction. 
A consequence of Theorem 2 is the following: 
COROLLARY 4. Let G” be a graph built from a graph G by either the 
No-mid or the No-end construction. If G is perfect then G” is also perfect. 
Proof: Assume G” is not perfect. Then it contains a minimal imperfect 
graph. By Corollary 3 this one cannot contain the vertex x. But this is not 
possible since G is perfect. 1 
A similar theorem holds for strongly perfect graphs. 
THEOREM 5. Let G” be a graph built from a graph G by either the 
No-mid or the No-end construction. If G is strongly perfect then G” is 
strongly perfect. 
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Proof Every subgraph of G” is either a subgraph of G or a graph which 
can be built with the No-mid or the No-end construction from a subgraph 
of G. So it suffices to show that G” contains an independent set which 
meets all the maximal cliques of G”. 
Case 1. G” is built from G by the No-mid construction. Let S be an 
independent set of G which meets all the maximal cliques of G (S exists 
since G is strongly perfect). It is clear that if x is adjacent to no vertex of 
S then S u {x} is an independent set which meets all the maximal cliques 
of G”. But if there is a vertex s of S adjacent to x then S meets all the maxi- 
mal cliques of G”. Indeed suppose this is not the case. Let K be a maximal 
clique of G” such that S n K = @. Then x E K. But K - {x} is a clique of 
G, so it is not maximal in G and there is some vertex sk of S such that 
((K - {x} ) u sk) is a clique of G. Since K is a maximal clique of G”: 
- x is not adjacent to sk, 
- there is a vertex k of K- {x> which is not adjacent to s. 
But then x is a midpoint of a P, whose vertices are s, X, k, sk. 
Case 2. G” is built from G by the No-end construction. Let S be an 
independent set which meets all the maximal cliques of the subgraph of G 
induced by R(x). (S exists since G is strongly perfect.) It is clear that 
S u {x} is an independent set of G”. Now let K be a maximal clique of G” 
and suppose that Kn (Su ix}) = 0. Then K & N(x), K & n(x), and 
x $ K. So let f E (Kn N(x)). Since (Kn m(x)) n S= 0 there is a vertex s of 
S such that (Kn R(x)) u { } s is a clique of N(x). But K is a maximal clique 
of G”, so there is a vertex k of (Kn N(x)) such that k is not adjacent to 
s. Now we have a P, whose midpoints are k and k and whose endpoints 
are s and x. This is not possible and therefore Kn (S u {x}) # 0. 1 
We do not have the analogue of Theorem 1 for the strongly perfect 
graphs. Indeed, consider the graph of Fig. 1. It is not strongly perfect, but 
each of its induced subgraphs is strongly perfect. Nevertheless this graph 
contains a star-cutset (the three vertices denoted by a, b, c in Fig. 1). 
FIGURE 1 
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4. How TO FIND A VERTEX COLOURING OF G” 
In the previous section it is shown that a graph obtained by starting 
from a perfect graph and using repeated No-end or No-mid constructions 
is perfect. If the initial perfect graph is the graph with one vertex the graphs 
obtained are called brittle [lo]. 
Such graphs are strongly perfect and moreover perfectly orderable 
[lo, 343. The perfect order of such a graph is easy to find during its 
construction: the new vertex x is placed before all the others if it is added 
by the No-end construction and after all the others if it is added by the 
No-mid construction. 
Furthermore the sequential colouring obtained from a perfect order is 
such that any vertex of colour k belongs to a clique with vertices of colours 
k, k - 1, . . . . 2, 1 [S]. Such a colouring is called canonical [33]. First, we 
can remark that if we have a polynomial algorithm to colour every 
subgraph of a perfect graph G = (V, E) then we have a polynomial 
algorithm to find a canonical colouring of G: 
w:= v; 
while W # @ do 
k := y(G,); 
find a colouring c: W+ (1,2, . . . . k} of G,; 
Sk := {u; c(u) = k}; 
fir all u in Sk do 
if~(Gw-,,-~u~,)= k- 1 then Sk :=Sk- {II}; 
endif; 
endfor ; 
w:= W-Sk; 
endwhile. 
This is an interesting property. In fact, Grotschel, Lovhz, and Schrijver 
have shown that all perfect graphs can be optimally coloured in a polyno- 
mial time [18]. But their algorithm, although polynomial, is not efficient. 
So it is interesting to find some specific algorithms for subclasses of perfect 
graphs. We consider here the problem of the colouring of a graph G” 
obtained from a perfect graph G for which we know a way to colour the 
vertices of any subgraph in polynomial time. 
Hence, let G be canonically coloured. By analogy with brittle graphs we 
may expect that the following methods will give a canonical colouring of 
G”: 
(i) If G” is obtained by the No-mid construction. Consider a canoni- 
cal colouring of G and give to x the smallest possible colour. 
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(ii) If G” is obtained by the No-end construction. Give the colour 1 
to x and then make a sequential colouring by first taking the vertices 
coloured 1 in the initial colouring of G, then the vertices coloured 2 and so 
on. 
In the first case the assertion is true as can be seen below. For the second 
it is false. Indeed consider the graph C, of Fig. 2. The initial colouring of 
C, gives a colouring of Ct with four colours, though Cg has chromatic 
number equal to three. Nevertheless we give in the following a method to 
colour such a graph. 
THEOREM 6. Let G be a graph having a canonical colouring. Let G” be 
obtained by the No-mid construction. The colouring of G” obtained by giving 
to x the smallest possible colour is canonical. 
Proof: We use an induction on the chromatic number of G. 
(1) It is clear that the theorem is true when the chromatic number of 
G is equal to one. 
(2) Suppose now that the theorem is true for any graph G of 
chromatic number at most k - 1. (k E N, k > 2). 
Let G be a graph having a canonical colouring with k colours. Two cases 
can occur in G”: 
Case 1. x is adjacent to vertices coloured 1, 2, . . . . k. We show that x 
belongs to a clique of size k + 1. Let y, be a vertex coloured k adjacent to 
x. By assumption y, belongs to a clique C, of size k in G. Let 
C:={v;v~C,,vis adjacent tox} 
c; =ck-c+ k’ 
It is clear that if CL is empty then x belongs to a clique of size k + 1. So 
we assume that C;-# 0. By the induction hypothesis we know that in the 
2 
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graph obtained from G” by deleting the vertices coloured k, the vertex x is 
adjacent to all vertices of a clique of size k - 1, denoted Ck _ 1. Let 
c,,= {u;uECk-1, u has the same colour as an element of CL }. Let z, 
be any element of CL- 1 and let c be the colour of z,. Let y, be the element 
of CL of colour c. Let y be any element of Cl. To avoid a P4 with vertices 
x, Y, Yc> z,, and x as a midpoint we must have y adjacent to z,. But then 
Cl u C;- 1 is a clique of size k with all its vertices adjacent to x. 
Case 2. The smallest possible colour for x is i where i < k. By the induc- 
tion hypothesis, by colouring x with the colour i we obtain a canonical 
colouring of the graph obtained from G” by deleting all the vertices of G” 
of colour i, i+ 1, . . . . k. 1 
Remark. By the preceding result it is clear that if n different colours 
appear in N(x) then x belongs to a clique of cardinality equal to n + 1. 
The case where G” is obtained by the No-end construction is not so easy 
to treat. But we have the following result. 
THEOREM 7. Let G be a perfect graph coloured with k= w(G) colours. 
Let G” be obtained by the No-end construction, and such that 
o(N(x)) = k’ <k. Let c be any colour of G and let S, be the set of vertices 
of colour c in G. Let C1, Cz, . . . . C, be the connected components of G - N(x) 
with at least one vertex adjacent to a vertex of N(x) coloured c and let Si 
(1 6 id q) be the set of vertices of one colour ci present in Ci. The set S = 
(S,niV(x))uS,uS,... u S, is an independent set of G which meets all 
maximum cliques of G. 
ProojI We first remark that, since x is not an endpoint of a P4, every 
vertex of N(x) which is adjacent to a vertex of Ci (1 d i < q) is adjacent to 
all vertices of Ci. So C,, CZ, . . . . C, cannot contain any element coloured c 
and it is clear that S is an independent set. 
We now show that S meets all maximum cliques of G. Let K be a clique 
of G of size k. K has one vertex u coloured c; if it is in m(x) then S meets 
K, so suppose that u is in N(x). By assumption K is not included in N(x) 
so there is i (1~ i< q) such that Kc N(x) u Ci. K contains one vertex w  
of colour ci; by the above remark, and the fact that ci appears in Ci we 
have that w  is in Ci and therefore in Si. 1 
The preceding theorem gives a polynomial algorithm to colour G” 
obtained by the No-end construction from a graph G for which we know 
a polynomial algorithm to colour the vertices of any subgraph: 
(1) colour the vertices of G 
(2) if there is one colour which is not in N(x), give it to x, else 
compute the chromatic number of N(x): it is equal to the one of G then 
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give a new colour to x else choose a colour c in N(x) and compute S as 
indicated in Theorem 7. The graph G - S is colourable in o(G) - 1 colours. 
With such a colouring and by giving an oth colour to x and the vertices 
of S we obtain the desired colouring of G”. 
It is clear that this method could be modified in order to obtain a 
canonical colouring of G”. 
5. A CLASS OF PERFECT GRAPHS 
Let G” be obtained from a perfect graph either by the No-mid or the 
No-end construction. We can remark that by the results of the preceding 
section there is a colouring of G” such that the number of colours which 
appear in N(x) is equal to o(N(x)). This in fact is true for any vertex in 
any perfect graph. 
PROPOSITION 8. Let G be a perfect graph and x be a vertex of G. There 
is a colouring of G with w(G) colours such that only o(N(x)) colours appear 
in N(x). 
Proof. Proposition 8 derives easily from Lovasz Replication Lemma 
[24]. Indeed, let k=o(G) and k’= o(N(x)u {x}). It suffices to substitute 
a clique with k-k’ + 1 vertices to x and then any optimal colouring of the 
resulting perfect graph will induce on G the desired colouring. 1 
A colouring of the vertices of a graph G is called locally perfect if every 
vertex x has its neighbour set N(x) coloured with o(N(x)) colours. It is not 
true that any perfect graph has a locally perfect colouring. Indeed the 
perfect graph of Fig. 3 [26] has no such colouring. Nevertheless we have 
the following theorem: 
FIGURE 3 
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THEOREM 9. Let G be a graph. Zf all induced subgraphs of G have a 
locally perfect colouring then G is perfect. 
To prove Theorem 9 we need the following lemma: 
LEMMA 10. Let G be a minimal imperfect graph. For any pair of vertices 
x and y there is a sequence of maximum cliques C,, C,, . . . . C, such that 
- x belongs to C,, 
- y belongs to C,, 
- Ci and Ci+l have at least one common vertex for ie { 1, . . . . n - 1 }. 
Proof of Lemma 10. Let W be the set of vertices obtained by the 
following algorithm: 
(1) W:=(y) 
(2) While there is a maximum clique C of G such that C has at least 
one vertex in W and one not in W do W := W v C. 
At the end of this algorithm we must have W= V(G). Indeed, suppose the 
contrary: then we have a partition of V(G) in two sets W and w  such that 
any maximum clique of G is included either in W or in E 
But G is minimal imperfect. So the vertices of G - y can be partitioned 
into a(G) disjoint cliques of size o(G) [25, 321, so into a, maximum 
cliques included in W and a2 maximum cliques included in IV. Now, let W 
be any element of @ For the same reason we must have a partition of 
V(G)-{-) ’ t w  m o E, maximum cliques included in W and Cc, maximum 
cliques included in I? So 1 WI= a,@(G) = &o(G) + 1 and this would 
imply that w(G) = l! 
So, we have W= V(G) and so the vertex x belongs to W. Let C, be the 
maximum clique which has permitted to add x to W. There is at least one 
vertex of C, which was in W before adding Ci. If none of them are equal 
to y then there is a maximum clique C2 which permitted to add one of 
them. Continuing this way we can find the desired sequence of maximum 
cliques. 1 
Proof of Theorem 9. Suppose that there exists a graph G such that any 
,induced subgraph G’ has a locally perfect colouring and that G is not 
perfect. G contains a minimal imperfect graph H. Consider a locally perfect 
colouring of H with k colours. Let C(x) be the set of the colours of 
N(x) u (x} for any vertex x of H. Since in a minimal imperfect graph 
every vertex belongs to a maximum clique [25,32] we have (C(x)1 = 
w(H) Vx E V(H), and for any pair of vertices x and y belonging to a same 
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FIGURE 4 
maximum clique we have C(x) = C(y). But then by Lemma 10 we have 
that H is coloured with o(H) colours contradicting the fact that H is 
imperfect. 1 
The graphs such that any induced subgraph has a locally perfect 
colouring will be called locally perfect. 
Ce and P, are locally perfect. So the locally perfect graphs are not all 
strongly perfect [3], Bip” [9], or murky [19] graphs. We have also, on 
Fig. 4, a locally perfect graph which has no alternating colouration [21]. 
Finally the line-graph of K3, 3 is locally perfect and is not a quasi-parity 
graph [27]. 
The graph of Fig. 3 [26] is a comparability [ 131, opposition [29] and 
brittle [lo] graph. Moreover this graph has true twins and a clique cutset. 
So these operations do not preserve the local perfectness. 
We can also remark that the graph of Fig. 5 [S] which is the line-graph 
of a bipartite graph [23] has no locally perfect colouring, and more 
generally the line-graph of any bipartite graph of the type described on 
FIGURE 5 
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Fig. 6 is not locally perfect [36]. The smallest of these graphs (which is not 
simple) is a murky graph [20]. 
The bipartite graphs of course are locally perfect. Moreover we have the 
following result: 
THEOREM 11. Any perfect graph G such that o(G) = 3 has a locally 
perfect colouring with w(G) colours. 
Proof: We use an induction on the number of vertices of the graph. If 
G has only three vertices the assertion of the theorem is obviously true. 
Suppose now that the theorem is true for any graph with at most n 
vertices, and let G be a connected perfect graph such that w(G) = 3 and 
with n + 1 vertices. Two cases can occur: 
(1) Every vertex of G belongs to a triangle. In that case any 
colouring of G with three colours is locally perfect. 
(2) There is at least one vertex of G, whose neighbour set is inde- 
pendent. Let v be such a vertex: 
- If 1 N(u)1 = 1. Consider a locally perfect colouring of G - {u } 
with three colours. By giving to u the colour of one vertex adjacent to the 
unique neighbour of u, it is clear that we obtain a locally perfect colouring 
of G with three colours. 
- If IN(u) > 1. In that case let x and y be two vertices adjacent to 
u. By the fact that G is perfect, it is clear that any chordless path having 
x and y for extremities has an even number of edges. But then it is known 
[ 151 that the graph G, obtained by identification of x and y into a vertex 
xy is perfect. Furthermore it is easy to verify that w(G,) = 3. So by the 
induction hypothesis the graph G, has a locally perfect colouring with 
three colours. This one gives a colouring of G, where x and y have the 
same colour. It is easy to verify that the only vertex which can be in a 
triangle in G, and not in G is x if y is in a triangle of G or y if x is in 
a triangle of G. So if each of x and y belongs to a triangle of G or if both 
have a neighbour set which is independent then the colouring of G 
obtained above is locally perfect. Therefore we now suppose that every 
vertex which does not belong to a triangle of G has only two neighbours: 
) __.______. * 
path of eve” length 
. 
path of odd length 
FIGURE 6 
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one belonging to a triangle and the other not. So if we set that x is in a 
triangle of G, we have that y has only one other neighbour denoted by w. 
It is clear that there is a locally perfect colouring of G,, such that v has the 
colour of w. 
This colouring induces a locally perfect colouring of G. 1 
To show that the triangulated graphs are also locally perfect we use the 
following lemma. 
LEMMA 12. Let C be a maximal clique of a connected triangulated graph 
G. In G at least one of the following property holds: 
- C is a cutset 
- C has a simplicial vertex. 
(A cutset is a set of vertices whose removal disconnects the graph and a 
vertex is said simplicial if its neighbour set is a clique.) 
Proof We proceed by induction on the number of vertices. The lemma 
is true for a graph with one vertex. Suppose now that it is true for any 
graph with at most k vertices (k > 1) and let G be a connected triangulated 
graph with k + 1 vertices. If G is a clique the result is verified. So suppose 
that G is not a clique. We know that G has a simplicial vertex s [14]. Now 
let C be a maximal clique of G. We can assume that s $ C, for otherwise C 
has a simplicial vertex. By the induction hypothesis we have that: 
- CisacutsetofG-sor 
- a vertex of C is simplicial in G-s. 
In the first case it is clear that C is also a cutset of G. Suppose now that 
a vertex x of C is simplicial in G -s. x is not simplicial in G iff x belongs 
to N(s). But then we must have N(s) included in C. So if C has no simplicial 
vertex in G there is at least one vertex of G-s which is not in C. And then 
C is a cutset of G. 1 
THEOREM 13. Triangulated graphs are locally perfect 
Proof. It is clear that Theorem 13 follows from the following assertion: 
Assertion. Any triangulated graph G has a locally perfect colouring in 
o(G) colours. 
We proceed by induction on the number of vertices. The assertion is 
obviously true for a graph with one vertex. Suppose now that the assertion 
is true for any triangulated graph with at most k vertices (k > 1) and let G 
be a triangulated graph with k + 1 vertices. If G is not connected then by 
the induction hypothesis the assertion is true. So we can suppose that G is 
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connected. If there is in G a simplicial vertex s which belongs to a maxi- 
mum clique then by the induction hypothesis there is a locally perfect 
colouring of G - s in o(G - S) colours. By giving to s the only possible 
colour we obtain a locally perfect colouring of G. If G does not have such 
a vertex then by Lemma 12 any maximum clique is a cutset. So let C be 
a maximum clique of G and let V, be the vertices of a connected compo- 
nent of G - C and V2 = V( G - C) - I/, . Let G, and G2 be the subgraphs of 
G induced respectively by V, u C and V, v C. By the induction hypothesis 
there are locally perfect colourings of G, and G2 with o(G) colours. By 
identifying the colours used for each element of C in these two colourings 
we obtain a locally perfect colouring of G. 1 
Finally, we consider the class of parity [6, 311 graphs. 
These graphs can be characterized equivalently by the property that 
every odd elementary cycle has two crossing chords or by the fact that for 
any pair of vertices x and y, all the minimal chains joining x and y have 
the same parity [6]. They are perfect [3 1 ] and Burlet and Uhry [6] have 
shown that every parity connected graph can be obtained from a single 
vertex by the following operations: 
- creation of a false twin, 
- creation of a true twin, 
- extension by a bipartite graph, applied successively and in any 
order. 
(Two vertices x and y are true twins if N(x) u {x> = N(y) u { y}, false 
twins if N(x) = N(y) and the extension of a graph G by a bipartite graph 
B= (Xu Y, A) consists in generating a new graph obtained by identifica- 
tion of certain vertices of X with a set of false twins of G.) 
THEOREM 14. Any parity graph G has a locally perfect colouring in o(G) 
colours. 
ProoJ We proceed by induction on the number of vertices. Indeed it is 
clear that Theorem 14 is true for the graph on one vertex. Suppose now 
that any parity graph H with at most n vertices has a locally perfect 
colouring in w(H) colours and let G be a parity graph on n + 1 vertices. 
Three cases are to be considered: 
(1) G has two false twins x and y. By the induction hypothesis we 
know that there is a locally perfect colouring of G - ( y} in w(G - ( y}) 
colours. By giving to y the same colour as x it is clear that we obtain a 
locally perfect colouring of G in w(G) colours. 
(2) G is a clique. In that case any colouring of G is a locally perfect 
colouring in w(G) colours. 
(3) We are not in case (1) or (2). 
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Then, by the result of Burlet and Uhry mentioned above we have that G 
can be obtained from a parity graph H by the extension with a bipartite 
graph B= (Xv Y, A) and then by creating possibly some true twins of 
vertices of B. Let X and g be the sets of vertices respectively in X and Y 
and their true twins. Let Z = V(G) - (% u %), let N be the set of vertices 
of Z which are adjacent to vertices of X, let !& the set of vertices of X 
which are adjacent to N, and let X, = 3 - %1 (see Fig. 7). Now let K be a 
clique of S1 of maximum cardinality. By the induction hypothesis there is 
some locally perfect colouring of the graph G’ induced by the vertices of Z 
and K in w(G’) colours. So there is a locally perfect colouring of G’ with 
colours 1, 2, . . . . o(G’)-o(N) and o(G)-o(N)+ 1, w(G)-o(N)+2, . . . . 
w(G) such that the vertices of K are coloured with colours 1,2, . . . . k = 1 KI 
and those of N with colours o(G) - o(N) + 1, w(G) - o(N) + 2, . . . . w(G). 
Now, by colouring 
- any clique C, of 55’ with colours 1,2, . . . . JC,J 
- any clique C, of g with colours o(G), o(G) - 1, . . . . o(G) - 
IC,I+l 
we obtain a locally perfect colouring of G in o(G) colours. 1 
For the classes of i-triangulated graphs [ 161 and Meyniel graphs [2g] 
the locally perfectness is not known.’ 
Another question remains unsolved: Is it true that if a graph G has a 
locally perfect colouring then it has a locally perfect colouring in o(G) 
’ In the meantime it has been shown that Meyniel graphs and clique-separable graphs are 
locally perfect (A. Hertz, “Slim graphs,” E.P.F.L., ORWP 87/l and M. Bertschi, “The clique- 
separable graphs are locally perfect,” Universiti: de Lausanne, 1987). 
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colour~?~ The same question may be posed for special classes of graphs 
such as perfect or locally perfect graphs. Finally it is not known if locally 
perfect graphs are in NP or/and in coNP. 
6. SOME NO-MID OR NO-END RULES OF CONSTRUCTION 
There are some simple rules of adjunction of a vertex x to a graph 
G = (V, E) so that x is not and endpoint or not a midpoint of a P,. 
R,: Join x to all the vertices of a clique of G. 
R,: Join x to all the vertices of the complement of an independent set 
of G. 
R,: Join x to all the vertices of a set of connected components of G. 
i?,: Join x to all the vertices of a set of connected components of ~7. 
R,: Join x to all vertices or to all vertices minus one of each compo- 
nent of a set of connected components of G. 
R3: Join x to all vertices of a set of connected components of G and 
to at most one vertex of each other component. 
R,: Join x to a set N of vertices such that for any pair V, w  of elements 
of N we have either (u, w) E E or NG(u) = NG(w). 
R,: Join x to a set N of vertices such that for any pair v, w  of elements 
of V-N we have either (0, w)#E or NG(u)=NG(w). 
It is clear that a vertex x added to a graph G: 
- with rule I,, R,, R,, R,, or & is not an endpoint of a P4 in G”, 
- with rule R,, R2, R,, R,, or R, is not a midpoint of a P, in G”. 
So any graph G built from the empty graph with these rules is brittle. It 
is easy to verify that if the rules pl, p2 . ..p., (where pin {R,, R,, R,, R,, 
RI, R2, R3, R,}, ViE { 1, . . . . n}) are used to build G then G could be 
constructed by the use of rules /5,, p2, . . . . p, (where Ri = Ri for i= 1 . ..4). 
We remark that 
R, E R,, R,sR, 
R, CR,, 81 E it,. 
Some well-known classes of strongly perfect graphs could be obtained 
with such rules. Let G = (V, E) be a graph. 
(1) G can be built with R, o G is triangulated [ 143. 
(2) G can be built with R, o G is trivially perfect. 
* P. Duchet gave a negative answer to this question (On locally perfect colorings, Discrefe 
Math. 74 (1989). 29-32). 
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(A trivially perfect graph [17] is a graph without any P, and without any 
Cd.) 
Proof. It is clear that a graph built with R, is trivially perfect. Now 
consider a trivially perfect graph G = (V, E) which cannot be built with R, 
and which is minimal with this property. Then for any vertex v of G there 
are two vertices x,, and y, belonging to the same connected components of 
G - u and such that u is adjacent to X, and not to yO. Then we must have 
two vertices z and t such that zt E E, vz E E, vt 4 E. Suppose now that v is 
a vertex of maximum degree. There must exist a vertex u adjacent to 21 and 
not adjacent to z. But then G contains a P, or a CA. 1 
It is not true that any graph without P, [12] can be obtained by using 
rules R2 and i?,. Indeed, let us denote by 2C, the graph constituted by two 
disoint Cd’s It is clear that such a graph cannot be built with R2 and R,. 
However, we have the following result: 
(3) G can be built with R? and R, o G is a graph without P,, 2C,, 
and FC,. 
Proof: It is clear that a graph built with R2 and 1, is without P,, 2C4, 
and z,. Now consider a graph G without P,, 2C,, and z, which cannot 
be built with R, and R, and which is minimal with this property. The same 
holds for G. So, by the fact that any graph without P, is disconnected or 
has its complement disconnected [35], we can set that G is disconnected. 
Now let G, be the subgraph of G which is induced by a nontrivial subset 
of connected components of G and let G2 be the subgraph of G induced by 
the rest of the vertices of G. It is clear that one of G, and G2 must be 
without C,, we can say that it is Gi. So by the preceding result G, can be 
built with R,. Furthermore, G, can be built with Rz and i?,. But then it 
is clear that G can be built with rules R, and a2 contradicting our assump- 
tion. 1 
Remarks. - A graph obtained by the rules R, and a4 cannot contain 
a P,. 
- A graph obtained by some of the rules R, and Ri (1~ i< 4) is 
weakly triangulated (without C, and C,, k > 5 [ 19]), cannot contain one 
of the graphs of Figs. 1 and 8 or one of their complements, and more 
generally cannot contain any graph such that all the vertices are both 
endpoint and midpoint of a P,. (It is known [34] what subgraph a vertex 
must belong to which is both endpoint and midpoint of a P4.) 
A brittle graph G has a perfect order whose inverse is a perfect order for 
G. Such an order is called complement perfect. It is easy to verify that a 
perfect order on the vertices of a graph G is complement perfect iff there 
is no P4 in G with edges ad, db, bc, and a < b < c < d. 
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FIGURE 8 
On the other hand the complement of Ck (k 2 5) is not strongly perfect, 
so a graph which has a complement perfect order is weakly triangulated. 
In a graph without C,, P,, and P, the ordering of its vertices according to 
nonincreasing degrees is a perfect ordering [ 111. So this order is also 
complement perfect. In fact such graphs are brittle. This is a consequence 
of the following result due to Hoang and Khouzam [22]: any graph 
without P,, Ck (k > 5), and C, with a long chord is brittle. 
Another class of perfectly orderable graphs is the class of graphs which 
are the union of two threshold graphs [ 1 I] (a graph is threshold [7] iff 
it does not contain the graphs P,, C,, or c,). It is not known if such 
graphs have a complement perfect order (in fact it is not known if the 
complements of such graphs are perfectly orderable). But we have the 
following result: 
PROPOSITION 15. A graph G = (V, E) which is the union of two threshold 
graphs G, and G, is weakly triangulated. 
ProoJ: It is clear that to avoid a P, or a C, in G, and G, any P, of 
G has one of its extreme arcs belonging to G, and not to Gs and the other 
belonging to G, and not to G,. So, G cannot contain any Ck for k > 5; and 
any C, must have two consecutive edges in G, and not in Gs and the two 
others in GB and not in G,. Suppose now that G contains C,; k > 6, with 
vertices vi, u2, . . . . uk, where (vi, ui+i) are the only pairs of non adjacent 
vertices (i = 1, . . . . k; k + 1 = 1). 
The vertices ul, u2, u4, ug form a C,. It is clear that we can set that u1u4 
and u1u5 are in G, and u2u4 and u2u5 are in G,. We then show that uiv4, 
vi us, . . . . u1 vk _ i are in G, and vzu4, v2vg, . . . . uzvk- i in G,. Indeed, suppose 
that v1u4, ulus ,..., u,v, are in GA, v2v4, v2v5 ,..., uzv, in GB, 56n<k-1. 
We have a C, with edges v,v,, u,u2, u2v,+i, v,+iui, and viv, belongs to 
GA, u2v, to G,. So we must have v~v,,+~ in G, and uzunCl in Gs. 
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Now if k>6: we have a C4 on vertices v2, v3, vke2, vk-i with v~v~~~, 
and vzvk_i in G, so v3vkPl is in GA. Then the C, on vertices v2, v3, vk, 
vk _ , has vZvkP i in G, and v3vk _, in G,. That implies that v3vk is in GA, 
and we have a C, on vertices v,, v3, v4, vk with edges vi v4 and vjvk in G, : 
this contradicts the fact that G, is a threshold graph. 
If k = 6: now the C, on v2, v5, v3, vg implies that v3vg is in G, and so the 
C, on ui, v3, vg, v., has vi v4 and u3vg in G, which contradicts our assump- 
tion. 1 
Remark. It is not difficult to show that P, for any k > 1 is the edge 
disjoint union of two threshold graphs. 
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